Throughout, A denotes a unital nonassociative algebra over an arbitrary (unital, commutative, associative) ring of scalars Φ. On occasion pathologies in the module structure of A will cause problems. Without loss of generality (replacing Φ by Φ/A 1 -) we will always assume that Φ acts faithfully on A, (0.1) <xA = 0 =* a = 0 or equivalently that Φ is unitally faithful, (O.Γ) αl = 0 => a = 0 (since if a kills the unit it kills all of A). In order to insure uniqueness of traces and norms we will sometimes impose a stronger condition (unnecessary for free modules or for Φ without nilpotent elements) of "unital rigidity" (cf. §2).
As usual, an involution is an anti-automorphism of period 2, (0.2) (χy)*=y*χ*> *** = *.
A scalar involution is one for which all norms xx* are scalars in Φl, hence by linearization all traces x* + x* are too; by faithfulness (O.Γ) these 85 scalars are uniquely determined, (0.3) xx* = N(x)l 9 (0. 4) x + x* = T(x)l (T(x) = JV(x, 1)),
where N 9 T are quadratic and linear forms on A. In general, a quadratic form Q is a map A -» Φ which is homogeneous of degree 2, β(αx) = a 2 Q(x) for α e Φ, and such that the polarized form
Q(χ,y) = Q(χ+y)-Q(χ)-Q(y) is bilinear. Q is nondegenerate if its radical (0.5) Radβ= {z<=A\Q(z) = Q(z,A) = 0}
vanishes. An algebra has (generic) degree 2 if there exists a linear trace form T and a quadratic norm form N such that for all x in A (0.6) 
') x°y -T(x)y -T(y)x + N(x, y)l = 0 (x°y = xy+yx).
Note that in the presence of (0.6) and unital faithfulness we have Γ(l) = 2 iff J\Γ(1) = 1, and T is linear iff N is quadratic (for the "if" part set y = 1 in (0.6') to see T{x)\ is linear in x). Setting y = 1 in (0.6') and using Γ(l) = 2 by (0.7) yields (iV(jc,l) -T(x)}\ = 0, so by faithfulness we conclude T(x) = N(x, 1), hence by (0.7) (0.
8) T(x) = N(x, 1), N(x*) = N(x), T(x*) = T(x) (JC* = Γ(x)l -x)
(0.9) iV(x 2 ) = iV(x) 2 .
1. Scalar involutions and degree 2. The existence of a scalar involution is closely tied to the degree 2 nature of A: degree 2 is equivalent to the existence of a scalar "linear" involution, which is an algebra involution only under certain conditions on the norm. The precise connection is given by 1.1. THEOREM. Let A be a unitally faithful algebra. Then there exists a linear map * with 1* = 1 and xx* G Φl for all xiffA has degree 2 and * is its trace involution (1.2) x
* = T(x)l -x (T(x) = N(x, 1)).
Such a map * is always of period 2, but is an algebra involution iff the trace is normal (1.3) 
N(x 9 y) = T(xy*) (= T(x)T(y) -T(xy)).
In this case the trace is commutative,
4) T(xy) = T(yx) 9 and conversely if Φ has no 2-torsion then commutativity implies normality. Thus the algebras with scalar involution are precisely those degree 2 algebras with normal trace (or, ifΦ has no 2-torsion, with commutative trace).
Proof. If * satisfies xx* = N(x)\ as in (0.3) and 1* = 1, then linearization yields N{\) = 1, T{\) = 2, x + x* = T(x)\ for T(x) = N(x 9 1), so * is necessarily the trace involution (1.2) . For the trace involution, the scalar condition xx* = N(x)l of (0.3) is equivalent to the degree 2 condition (0.6) x 1 -T(x) x + N(x)l = 0, and 1* = 1 is equivalent to Γ(l) = 2.
The trace involution has period 2 since T{\) = 2, (or 1* = 1). The condition (0.2) that it be an algebra anti-homomorphism can be written as (xy*)* = yx*, and thus holds iff (linearizing (0.3) ), hence by faithfulness iff (1.3) holds.
= (xy*)* -yx* = [T(xy*)l -xy*} -yx* = {T(xy*) -N(x, y)}l
If (1.3) 
holds then T(xy) = T(x)T(y) -N(x, y) is commutative; conversely, if T is commutative then

2{T(xy*) -N(x 9 y)} = T(xy*) + T(yx*) -2N(x, y) = T(xy* + yx* -N(x, y)ΐ)
(by (0.7)) = 0 (by linearized (0.3)), so if Φ has no 2-torsion then commutativity (1.4) implies normality (1.3) D Note that (1.4) is trivial if A itself is commutative, so commutative degree 2 algebras without 2-torsion always have scalar trace involution. In characteristic 2 situations, commutativity of the trace is not sufficient to imply normality, as the following examples show.
1.5 EXAMPLE. Over any Φ of characteristic 2 there exist noncommutative degree 2 algebras A with non-normal T = 0 (trivially such T are commutative!) and N(x 9 y) Φ 0. Indeed, let A be free over Φ on 1, z, w with z 2 = w 2 = 0, zw = 1, wz = 0. Then x = αl + βz + yw has
is not an algebra involution since A is not commutative. (Note if A is commutative and traceless, T = 0, then x 2 = N(x)l, N(x 9 y)l = x° y = 2xy = 0 so N(x 9 y) = 0 and T is trivially normal and x* = x is trivially an involution). D 1.6. EXAMPLE. Over any Φ of characteristic 2 there exists a noncommutative degree 2 algebra A with nonzero non-normal commutative trace. Indeed, let A be free on 1, e, z where e 2 = e, z 2 = 0, ez = z + e, ze = e; then A is degree 2 with respect to the nonzero T(x) = β, N(x) = a(a + /?), N(x, x') = α/Γ + α'β for x = αl + βe + γz. Γis commutative since Γ([x, y]) = Γ(x ° j;) G Γ(ΦZ) = 0, but T is not normal since N(e 9 z) = 0, T(ez*) = Γ(ez) = Γ(z + e) = 1. (Again we cannot give an example where A is commutative but some T(e) = 1: then by (0.6') T(x)e + T(e)x + 7V(x, e) = x ° e = 2xe = 0 for all x shows A = Φl Θ Φe, and for x = αl -f /te, 7 = γl + δe we have T(x) = β, N(x) = a 2 + α β + β 2 N(e), and JV(JC, j) = αδ + βγ = Γ(xy*).) D For constructing further examples it will be convenient to analyze algebras A which arise as unital hulls by adjoining a unit to an algebra A.
(ii) When A has degree 2 its norm permits composition N(xy) 2. Unital rigidity. We now investigate conditions under which the trace and norm of a degree 2 algebra are uniquely determined. N' satisfying (0.6-7) are precisely all T = T + F 9 N' = N + Gfor linear forms F and quadratic forms G satisfying
PROPOSITION. If A is a degree 2 algebra with respect to T, N then the other possible T\
We call such a pair (F, G) satisfying (2.2-3) a compressing pair, and say A is unitally rigid if it has no compressing pairs. In the presence of faithfulness this is just the condition that A cannot be linearly compressed into Φl,
PROPOSITION. A degree 2 algebra has a unique trace and norm iff it is unitally rigid.
• In most cases unital rigidity implies faithfulness, e.g. if A carries a linear functional L taking on a cancellable value L(u) = μ in Φ: if a A = 0 then (αL,0) would be compressing, and aL = 0 would force aμ = 0 and hence α = 0. In particular, this holds if A has degree 2 and Φ has no 2-torsion, since then Γ(l) = 2 is cancellable. But in characteristic 2 rigidity need not imply faithfulness: if Φ = Ψ[ε] for 2Ψ = e 2 = 0 then yl = Ψ is a non-faithful Φ-algebra via εA = 0, yet ^4 = Φl is trivially unitally rigid and degree 2 under Γ(αl) = 0, N(al) = a 2 (a = α 0 + β o ε has α 2 = αQ, αl = α 0> so this is well-defined). Almost any reasonable restriction on A or Φ guarantees unital rigidity. [u, v] or associator [u, υ 9 = 1 and some Q(u -u*) cancellable in
Proof. We must show that if F 9 G satisfy (2.2-3) then F = 0 (whence G(x)l = 0 forces G = 0 by faithfulness), (i) is trivial by normalization (2.3) . (iii) is a special case of (ii): if a 2 = 0 in Φ then / = a A is trivial ideal in A, and I = 0 : =>aA=0=>a = 0 by faithfulness, (v)-(xi) are all special cases of (iv): clearly (vi) => (v) => (iv), (vii) => (iv) since u is torsion-free if f{u) is, and separated from lbyαl=/ίweΦlΠΦw=»
Thus it suffices to verify (ii) and (iv). Linearization of (2.2) yields (2.4) F(x)y + F(y)x=G(x,y)l and in particular for y = 1 .F(x)l + 0 = G(x, 1)1, so by faithfulness (2.5)
In case (iv)
by torsion-freeness of u, hence
for any x, so F = 0. In case (ii) it suffices to verify F(x)is nilpotent, (2.6 ) 
Since x 2 e Φx + Φl in a degree 2 algebra by (0.6), we see If A is a unitally faithful degree 2 algebra with norm N 9 trace T 9 and trace involution * then its norm is associative if it satisfies any of the following equivalent conditions: (3.4iii) the trace is normal, N(x 9 y) = T(xy*), and associative,
PROPOSITION. A degree 2 algebra is a noncommutative Jordan algebra iff it is flexible, and a commutative Jordan algebra iff it is commutative. Any degree 2 algebra A over
(3.4i) N{xy 9 x) = N{x)T(y); (3AΪ) N(yx 9 x) = N(x)T(y); (3 An)
T((xy)z) = T(x(yz)).
If Φ has no 2-torsion these are equivalent to (3.4iv) the trace is commutative and associative,
(By symmetry it suffices to show (i) => (ii) => (iii) => (i r ). Here (i) => (ii) by linearizing x -> x 9 z\ (ii) => normality of the trace by setting x = 1, hence * is an algebra involution by (1.3), so (ii) => associativity of the trace by
. If Φ has no 2-torsion we saw in (1.4) that normality is equivalent to commutativity of the trace.) Note that normality is (3.4iii) shows associativity of the norm implies * is a scalar involution.
THEOREM. A unitally faithful degree 2 algebra is flexible iff F(x 9 y)x = G(x, y)\ for all x 9 y where F(x 9 y) = N(x 9 y) -T(xy*) measures normality and G(x, y) = N(xy, x) -N(x)T(y) measures associativity. Associativity of the norm is sufficient for flexibility, and is necessary for flexibility if the algebra is unitally rigid or if * is a scalar involution. Thus an algebra with scalar involution is flexible iff its norm is associative iff its trace is associative.
Proof. In any degree 2 algebra the flexibility condition (3.1) becomes, by (0.60,
If ( If the norm permits composition it is automatically associative. In the next section we will give examples of flexible degree 2 algebras whose norm is not associative and does not permit composition.
An algebra is left (resp. right) alternative if x 2 y = x(xy) (resp. yx
and is alternative if it is both left and right alternative. Motivated by the Jordan algebra /(N 9 1) of a quadratic form with basepoint, we define
PROPOSITION. A degree 2 algebra is left alternative iffx(yx) = U x y, right alternative iff (xy)x = U x y, and alternative iff it is flexible and xyx
y is the usual V-operator of the Jordan algebra A^. [x, x, y] and dually. By (0.6')
In general an algebra with scalar involution need not be flexible: if A is free over Φ on 1, e, z with e* = 1 -e, z* = -z, e 2 = e, z 2 = αl, 
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Proof. β(l) = ε x has z\ = ε l9 so Φ = Φ λ ffl Φ o for Φ z = Φε z , ε 0 = 1 -ε 1? A=A ι ®A 0 for Λ, = e,.Λ = Φ,,4, β(α) = Q(la) = ε^α) = e?β(fl) = βίε^) shows β(α x + a 0 ) = β(αχ).
• Linearization of (4.1) shows β is associative as in (3.4i-ii), (4.4) Q(χy 9 z) = Q(y 9 x*z) = β(x ? zj*)
and (4.2) shows
as in (0.8). In particular, if the norm Q = iV of a unitally faithful degree 2 algebra permits composition then N is associative (3.4) and * is a scalar involution.
The existence of a nondegenerate quadratic form permitting composition is tantamount to alternativity (3.7). Thus if Q is nondegenerate we have (4.7)
x(x*y) = Q(x)y.
Setting y = 1 in this shows * is scalar with norm N(x) = β(x), and (4.7) becomes [x, x* 9 y] = 0, which is equivalent to left alternativity [x 9 x 9 y] = 0 as in (3.7/) when x* = T(x)l -x. Dually we have right alternativity via the involution (or from flexibility, using (3.5) and associativity (4.4) on Q = N). Thus A is alternative with scalar involution. Conversely, if A is unitally faithful and rigid and alternative (hence flexible) of degree 2, then by (3.5) its trace involution is a scalar involution, so its norm permits composition by N(xy)l = {xy){xy)* = xyy*x* (Artin's Theorem says alternativity is equivalent to the condition that every two elements generate an associative subalgebra) = N(y)xx* = N(x)N(y)l.
• Rigidity is necessary for the converse in (4.6): whenever Φ contains nilpotent elements we can exhibit a non-rigid associative degree 2 algebra whose norm does not permit composition and whose trace involution is not an algebra involution. i.e. iff (λ + λ 2 )a 0 β 0 = 0 for all α 0 , β 0 e Φ o . But if M is free of infinite rank on {*,}, then λ = x l9 α 0 = JC 2 , β 0 = x 3 e Φ o c Φ have λ 2 = 0, λa Q β 0 = x x Λ x 2 Λ x 3 Φ 0, and iV, iV' are nondegenerate by (2.10), so A is commutative associative of degree 2 with respect to one nondegenerate scalar involution * permitting composition, and at the same time with respect to another nondegenerate *' which is not a scalar involution and does not permit composition. D 4.10. REMARK. These last two examples also provide examples of flexible degree 2 algebras whose norms are not associative as in (3.4) . D
In the degenerate norm case, composition is weaker than alternativity. (since α* = -α mod Φl). (4.12) implies (3.1) by linearizing y -> y 9 1, and alternativity implies that both parts of (4.12) vanish by Artin. D A scalar involution with degenerate norm permitting composition need not be alternative: the composition property tells us nothing about the behavior of Rad N. 
THEOREM. The norm of a unitally faithful algebra A with scalar involution permits composition iff
]). If A is alternative with scalar involution then (i) Rad N = 0ifA contains a Cay ley subalgebra, or if A is associative and contains a quaternion subalgebra, or if A is commutative and contains a *-extension ofΦ;
(ii) (Rad N) 2 
= 0 is trivial if A contains a quaternion subalgebra, or is associative and contains a * -extension ofΦ;
(iii) (Rad N) 3 The associated birepresentation has l α = R α , r α = R α *; these are well-defined precisely when K is a right ideal, and afford a Cayley birepresentation precisely when f{α) = r α = i? α * is a homomorphism, which is precisely when [A, A, A] <z K since 
3) x* = a* -ft/.
We say C(^4, μ) is obtained from ^4 by the Cayley-Dickson construction. Note that / is a Cayley element as in (5.2) , and that Al is a Cayley bimodule iff A is associative by (5.3iv) . It is easily checked that * is an involution on C(A, μ) iff it was an involution on A, and that * is scalar on C(A 9 μ) iff it is scalar on A, with
From this and cancellability of μ we see iV is nondegenerate on C(A 9 μ) iff it is nondegenerate on A. Thus we have a doubling process for creating new scalar involutions out of old ones. The construction depends on the scalar μ only up to an invertible square, C(A 9 μ) = C(A 9 λ 2 μ), or more generally up to an invertible nuclear norm, C(A 9 μ) = C (A, N(v) Proof. We have Bl c 2?
x by (4.4) , soC = ΰθΰ/isa subspace which is again self-dual since μB = B by hypothesis. Also
so C is linearly isomorphic to C(B, μ).
To prove it is algebra-isomorphic (in particular, is itself a subalgebra), it suffices to establish the rules By repeated application of the Cayley-Dickson construction starting from a * -extension Ω = ΦlθΦω(ω + ω* = l,l-4N(ω) cancellable) -or even from Φl, if \ e Φ -we get a 4-dimensional quaternion algebra, an 8-dimensional octonion or Cayley algebra, and then generalized Cayley-Dickson algebras of dimension 2" (w > 4). As we shall see below, these latter are no longer alternative and no longer permit composition, but they are flexible with scalar involution, and if Φ is a field are simple (indeed, have no proper 1-sided ideals).
The general associator in C(A, μ) is given by (6.6) [ For (iv) we set e = a, f = 6 in (6.6) and recall that μ is cancellable to see [x, y 9 (2)- (5) vanish, as do the right sides of (2) and (4), while the right side of (5) is a linearization of that of (3) (4)- (5) is the condition that all a + Ύ(a) lie in the nucleus of A, in which case (2)- (3) = /(/AW) = μ^2 = μy 2 , and this is precisely the case we ruled out in (vi).
For (vii), for C to be left-simple certainly A must be simple, since if B<A were a proper ideal then (6.2) shows that B + B*l would be a proper left ideal in C. Also, a direct calculation shows that if m e A satisfies 
